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LOW-PASS FILTERS AND REPRESENTATIONS
OF THE BAUMSLAG SOLITAR GROUP

DORIN ERVIN DUTKAY

ABSTRACT. We analyze representations of the Baumslag Solitar group
BS(1,N) = (u, t |utu™! = ¢VV)

that admit wavelets and show how such representations can be constructed
from a given low-pass filter. We describe the direct integral decomposition
for some examples and derive from it a general criterion for the existence of
solutions for scaling equations. As another application, we construct a Fourier
transform for some Hausdorff measures.

1. INTRODUCTION AND NOTATION

Wavelet theory was developed initially for L? (R) to construct orthonormal bases
that have good localization properties (see [Dau92] for more details). In L? (R) we
have two operators: the translation operator

Tf(z)=flz-1) (z€R, feL*R))
and the dilation operator
1
Vol

where N > 2 is an integer called the scale.
A wavelet is a finite set {11, ...,%,} of functions in L? (R) such that

Uf@) = =f(5) @eRfeL’®),

is an orthonormal basis for L? (R).

The operators satisfy the commutation relation UTU ! = TV, hence we are
dealing with a representation of the Baumslag Solitar group BS(1, N). Here is the
definition and some elementary facts:

The Baumslag Solitar group BS(1, N) is the group with two generators u and ¢
and one relation
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It can also be described as the semidirect product of the group of N-adic numbers
Z[1/N], with Z, the action of Z on Z[1/N] being given by multiplication by N:

k , k . k
The elements in Z[1/N] of the form k/NP correspond to uPt*u~P which we denote
by ti/ne, and the elements in j € Z, correspond to u/. Each element in the group
can be written uniquely as u/t; with j € Z and d € Z[1/N]. The multiplication
rule is

(u]td)(u]/td’) = Uj+j/tN7j’d+d/ .
The Baumslag Solitar group BS(1, N) can also be regarded as an ax + b-group with
a an integer power of N and b N-adic.
The action « is given by conjugation by u:

ai(ty) =u'tqu™ (d€Z,i € 7).
The dual of the group Z[1/N] is the solenoid
Sn = {(2n)nz0 | 2N11 = 20, |2a| = 1 for n > 0}.
Sometimes it will be useful to index the components by Z and identify Sy with
S = {(2n)nez | 2Y,1 = 2n,|20| = 1 for n € Z},
the identification being given by
(zn)n>0 < (2n)nez, with z_,, = zévnfor n > 0.

The duality is given by

1) (el Gamez) =% (5 € ZIUN] Gnlnc € ).

The dual action, & of Z on Sy, is given by the shift S on Sy:
S(Zn)nEZ = (Zn—l)nelv &i(zn)nEZ = Si(zn)nEZ ((Zn)nEZ S SN)

The dual of the inclusion i : Z[1/N] — Risi: R — Sy,
i(@) = (72N ") (2 €R),

If 7 is a unitary representation of the group BS(1, N) on some Hilbert space we
will use capital letters to denote the corresponding operators: w(u) =: U, w(t) =: T,
7(tq) = Ty for d € Z[1/N].

Representations of the Baumslag Solitar group that admit wavelet bases can also
be constructed on some other spaces such as L? (R) @ ... ® L? (R) ([BDP], [Dut2])
or some fractal spaces ([DutJo]).

Here we define the concepts of wavelet theory in the abstract setting, when we
have a representation of the group BS(1, N) on some Hilbert space.

Let m be a representation of the group BS(1, N) on some Hilbert space H. A
wavelet for the representation 7 is a finite set {11, ..., ¥, } of vectors in H such that

{m(? )i | j, k € Zyi € {1,...,n}}

is an orthonormal basis for H.
We will see in section 2] that the representations that admit wavelets are faithful
and weakly equivalent to the right regular representation of the group.
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The main technique used to construct wavelets is a multiresolution analysis,
which is a sequence of subspaces (V},)ncz with the following properties:
(i) Vo CVay1 (n€Z);
(ii)) UVpy1 =V, (n € Z);
(iii) YV, is dense in H;
(iv) N Va = {0}
(v) there exists o in Vj such that {T%¢ |k € Z} is an orthonormal basis for
V.
Such a vector ¢ is called an orthogonal scaling vector. For the details of the mul-
tiresolution construction we refer to [Dau92] and [BDP]. Here we recall some facts.
If a multiresolution is given, the wavelets can be constructed by looking for N —1
functions 1, ...,¥ny_1 such that

{T*;i | ke Z,ie{1,..,N —1}}

is an orthonormal basis for V; & V4.

If the spectral measure of the operator T' = 7(¢) is absolutely continuous with
respect to the Lebesgue measure on T := {z € C||z| = 1}, then, by Borel functional
calculus, we can define a representation of L> (T) on H by

m(f) = f(T) (f€L>(T)),
and this representation will satisfy
Un(HU =a(f(z")) (feL®(T)), n(z)=T.

(On T, we have the Lebesgue measure p.)
Since Up € V_1 C Vj the scaling vector ¢ satisfies the following scaling equation:

(1.2) Up = ZakT’Wp,
kEZ

for some coefficients a;, € C. This can be rewritten as
(1.3) Up = m(mo) e,

with mo(z) = 3, cz anz®, 2 € T. my is called the low-pass filter.

A vector ¢ that satisfies (L3)) for some my € L (T) and that is cyclic for the
representation of the group is called a scaling vector with filter my.

Each pair of vectors v1,vs has a correlation function hy, ., € L' (T) associated
to it. This is defined by

<Tk’l)1|’()2>:/2’khvl)v2 du (k€ Z),
T

or, equivalently, by the Radon-Nikodym derivative of the functional

[ A{m(fvr|ve).

We denote hy, 1= hy .
If ¢ is a scaling vector with filter mg, then its correlation function satisfies the
following equation:
Rynohy = hy,
where R,,, is the Ruelle operator defined on L! (T) by

Rnaf(2) = 5 3 Imo()?f(w) (f € L'(T),2 €M),

wN=z
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The interesting fact is that the converse is also true, in the sense that each scaling
equation (3] has a solution in some Hilbert space such that the correlation function
of the scaling vector is some prescribed function h with R,, h = h. More precisely,
we have:

Theorem 1.1 ([Jor01], [Dut3]). Let mg € L> (T) and h € L' (T) such that h >0
and Rpmoh = h. Then there exist a representation m of the group BS(1,N) on a
Hilbert space H and ¢ € H such that

Up = m(mo)e,
and the correlation function of @ is h. Moreover, this is unique up to isomorphism.

We call this representation the wavelet representation associated to mg and h.
If h = 1, then the scaling vector is an orthogonal one and m satisfies the relation

Ry,1=1

which is known in the literature as the quadrature mirror filter (QMF) equation.

Our goal is to analyze these representation, perform the direct integral decom-
position and evaluate the consequences that these have on the scaling equation.

In section Bl we construct the theoretical framework for this purpose. We define
a special type of representation (Definition [Bl), and we prove in section M that
the wavelet representations are a particular case (Theorem [3]). We classify these
representation (Proposition[3.3]) and give a criterion that identifies them among the
representations of the Baumslag Solitar group (Proposition 3.4).

In section [4] we establish a connection between wavelet representation and the
measures associated to some random walks on T which were introduced in a recent
paper by Palle Jorgensen [Jor04]. Theorem is the central result of the paper,
and it shows that the wavelet representations can be realized on the solenoid Sy
using the measure associated to a random walk. Corollary establishes the 1-1
correspondence between operators in the commutant, functions which are invariant
for the shift S, and fixed points of the transfer operator R,,,.

In Theorem 7] we give the direct integral decomposition of the wavelet repre-
sentation which corresponds to the decomposition of the random walk measure into
ergodic components.

Section [l is dedicated to examples. In section 5.1l we analyze the representation
on L?(R) @ ... ® L? (R) (which obviously contains the classical case on L? (R)).
We describe the direct integral decomposition (Theorem [5.I]). This generalizes the
result from [LPT]. We also describe the associated measure m on the solenoid
extending in this way some results from [Jor04].

As some consequences of the decomposition we mention Theorem [5.4] and Corol-
lary which give general necessary and sufficient conditions for the existence of
L? (R)-solutions of the scaling equation and which can also be used as some ergodic
statements about QMF filters.

In section we deal with the representation on a fractal measure that was in-
troduced in [DutJo]. We compute the Fourier coefficients of the associated measure
(Proposition [B.6]), which gives also a geometric insight into the Cantor set (Lemma
(1), and we propose a Fourier transform for this fractal measure (Corollary B.5)).

The last example is for my = 1 when we reobtain the Haar measure on Sy
and its ergodic properties relative to the shift which imply the irreducibility of the
representation.
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2. REPRESENTATIONS THAT HAVE WAVELETS

In this section we analyze some restrictions that are imposed on a representation
of the Baumslag Solitar group BS(1, N) in the case when this representation has
a wavelet.

It is known that the existence of a wavelet establishes some strong restrictions
on the representation. Some of these restrictions are analyzed in [Web] for each of
the operators U and T in part. For example, it is shown that U and 7" must both
be bilateral shifts of infinite multiplicity. Here we analyze U and T coupled by the
commuting relation UTU 1 = TV,

The next result generalizes Theorem 5.1 in [MV00], but the proof follows the
same ideas.

Theorem 2.1. Let 7 be a representation of the group BS(1, N) that has a wavelet.
Then m extends to a faithful representation of C(BS(1, N)), the reduced C*-algebra
of BS(1,N), i.e., the C*-algebra generated by the right reqular representation. Each
element in the C*-algebra generated by m has a connected spectrum.

Proof. Let {11,...,1p} be an orthonormal wavelet. Since the group is amenable,
7 is weakly contained in the right regular representation. For the converse, take
g € BS(1,N). Then g is of the form g = u/t, for some j € Z and some X € Z[1/N].
Then, for k € Z we have

(mr(g)m(uF)y | m(u ™)) = (r(Wutiu™) [91) = (m(wtyne)vn [¥1).
But, for k big enough, AN* is an integer [, and therefore
(m(g)m(u ™ )y |m(u )y ) = (m(uth )by [ 1) = beq-

This implies that the right regular representation is weakly contained in 7, and the
first assertion is proved.

Since the representation is faithful and the spectrum is invariant under isomor-
phisms, the last assertion follows from Lemma 2.1 in [MV00]. O

3. A CLASS OF IRREDUCIBLE REPRESENTATIONS

For a measure v on Sy, we denote by v o S the measure defined by v o S(E) =
v(S(E)) for all measurable subsets E of Sn. Alternatively, for f measurable and
positive on Sy,

/ fdvoS = foS tdv.
SN SN
Definition 3.1. Let v be a o-finite Borel measure on Sy such that v oS and v
are mutually absolutely continuous; we say that v is quasi-invariant for S. Also,
consider a measurable map 6 : Sy — T. Let

d(voS)
Ai=——,
dv

Define H = L?(v),
Ut =VAOEoS (€€ L*(v)),
Tﬁ(zn)nez = Zog(zn)nez (5 € LQ(”)) (Zn)nEZ € SN)-

Proposition 3.2. (i) With v and 0 as in Definition B, U and T define a
representation m, ¢ of the group BS(1,N).
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(ii) If f is in L>°(v) and n € Z, then
UanUin = MfOS"a
where, for g € L>(v), My is the multiplication operator by g, M€ = g§.

Forn,k € Z, U="T*U™ is the multiplication by the character k/N".
The von Neumann algebra generated by {U"T*U" |k,n € Z} is

{Mg|feLl>@w)}
(iii) The commutant of the representation is given by
{My|feL>®Wv),foS=fr-ae},

so the representation is irreducible if and only if S is ergodic with respect
to v, i.e., the sets A which are invariant with respect to S have 0 or full
measure.

Proof. Since A = d(v o S)/dv, it follows that

/ Edv = A¢oSdv (&€ L'(v)),
SN SN

and this implies that U is an isometry. Since v is also absolutely continuous with
respect to v 0 S, the inverse of U is well defined by

1
Ut = oS! e L*(v)),
€= s €S (€ iW)
and therefore U is unitary. T is just a multiplication operator by a function which
has absolute value 1, so T is also unitary.

Now take n, k € Z and compute by induction
(3.1) Ure = (0VA) Mo 5,
where, for a function f on Sy we use the notation

foS..foS™1 if n>0,
(3.2) fm = 1 if n=0,

1 .
FoS 1. fo5 7 if n<O.

Then, after a straightforward computation, we obtain
U "TRU™E(2)iez = 2F€(21)icn,
and if f is in L>°(Sy), then
U'MiU™™ = Mfogn.

In particular UTU ! = TV, so this is indeed a representation of BS(1, N).

The proof of the last statement in (ii) is a standard argument of the duality
theory: by Pontrjagin’s duality theory, the linear span of characters k/N™ is uni-
formly dense in C(Sy) and any function in L (v) can be approximated pointwise
v a.e. by continuous ones, so the von Neumann algebra generated by the operators
of multiplication by characters is L>°(Sy) (we will use the identification between a
function f € L*°(Sy) and the multiplication operator My).

It remains to compute the commutant. If S is an operator that commutes with
U and T, it must commute with the entire von Neumann algebra generated by the
elements of the form U"T*U~", and we saw that this is L°(v). Since this algebra
is maximal abelian, S must belong to it, so S = My for some f € L>°(v). However,
S must commute with U, too, so My = UM;U~! = My,s. Therefore f = fo S.
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S is ergodic if and only if the only such functions are the ones that are constant
v-a.e. In conclusion, the commutant is trivial, and the representation is irreducible
if and only if S is ergodic. O

Proposition 3.3. Let (v1,601) and (v2,02) be as in Definition B, and let Uy, Ty
and Us, Ty be the corresponding representations. The representations are equivalent
if and only if v1 and vy are mutually absolutely continuous and 61 and 65 are cocycle
equivalent, in the sense that there exists a function X\ : Sy — T such that

)\91 =)Ao 592, vi-a.e.

Proof. Suppose the representations are equivalent and let W : L?(vy) — L?(v»)
be an intertwining isomorphism. Then, restricting our attention to Z[1/N], we see
that W establishes the equivalence between the two representations of the abelian
algebra C'(Sy) by multiplication operators on 14 and v,. This implies that 11 and
v are mutually absolutely continuous.

Let 1) := dvy /dvy. The operator W : L2(v1) — L?(1) defined by

Wé = nér (&€ L))

is an isomorphism. Then, WW* is a unitary operator which commutes with
L>(vy). Therefore, as this is a maximal abelian subalgebra, WW* = M, for
some function A on Sy which has absolute value 1 a.e. Then W = M5 M .

Since WU, = Uy W, we get for € € L?(vy),

X\/ﬁ91\/A1§1 oS = 92\/A2XOS\/T]OS§1 oS.

_duloS_duloS% dvy A L
T dmoS  dv dwmdmoSs “UAy

50 A1 = \ o0 8By, v1-almost everywhere.
For the converse, take = dvy /dvs and define W from L?(11) to L?(v2) by

Wer =A\/m& (&€ LP(n)).
This defines an isomorphism which clearly intertwines 77 and 75, and using equation
B3), we see that it also intertwines U; and Us. O

But
(3.3) nosS

Proposition 3.4. Let w be a representation of the group BS(1, N) such that the
restriction of the representation to the subgroup Z[1/N] has a cyclic vector. Then
there is a quasi-invariant probability measure v on Sy, and a map 0 : Sy — T such
that m is equivalent to the representation m, ¢ (see Proposition B.2).

Proof. By the Stone-Mackey theorem applied to the abelian group Z[1/N], we can
find a measure v on the dual group Sy and a measurable multiplicity function m :
Sy — {0,1,...,00} such that there is an isometric isomorphism ® from the Hilbert
space of the representation H to L*(Sn,v,m) := @;, L*({z € Sn |m(2) > j},v)
which transforms the representation into multiplication operators,

(@r(N2™1) (&)1 = (&= (&) € L2 (Sn,v,m)).

Here x, is the character of the group Sy given by the duality in (L1)):

(3-4) XA((zn)nez) = (M (zn)nez)  ((zn)nez € Sn).

Since there is a cyclic vector, the multiplicity function can be taken to be constant
1, and we can take v(Sy) = 1. Thus the representation of Z[1/N] is equivalent to
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the representation on L?(v) by multiplication by characters, and ®7(\)®~! = M, ,,
for A € Z[1/N]. So (by composition with the isomorphism ®) we can assume that
the representation 7 is on L?(v) and 7(\) = M,, .

The representation 7(u) of the other generator u of the group BS(1,N) is a
unitary U with the property

Ur(MNU™! = w(udu™) = 7(NX) (X € Z[1/N]).
But this implies, by approximation, that
UMU™ = Mpos  (f € L™(v)).

Then U§ = 0 SUL, for £ € L*(v). Denote f := Ul. Then, since U is unitary, we
have that, for £ € L*°(v),

/ oS P dy = / Pl dv,
SN SN

so d(vo S)/dv = |f|?, and f does not vanish on a set of positive measure, so v is
quasi-invariant. Take 6 = f/|f|, and everything follows. O

Example 3.5. Take a point = (z;);ez € Sy and let v be the counting measure
on the orbit on this point under S:

v(E) =card({S"(z)|n€Z}NE) (ECSnN).

Take 6 = 1.

v and 6 satisfy the requirements of Proposition and let U, T be the cor-
responding representation. This representation is irreducible because S is ergodic
with respect to the measure v. We distinguish two cases:

(i) If x is periodic (which means that the orbit is finite), i.e., there exists p > 0
such that z;1, = z; for all ¢ € Z, then we can take p minimal with this
property, and we see that the representation is equivalent to the following
on H, = CP:

Ux(va eeey gp—l) = (Ep—l, 507 eeey 5]3—2),
T (o, --r Ep—1) = (2080, 211, --2p—18p—1)-
(ii) If z is not periodic, then the representation can be realized on [?(Z), with
Unl(k) =&(k=1) (k€ Z),
T:8(k) = z,€(k) (k€ Z).

The representations associated to two points z,2’ € Sy are equivalent if and
only if z and z’ are on the same orbit.

These representations can also be obtained using the Mackey machine (see for
example chapter 6 of [Fol]) as some induced representations. However, the technique
of Mackey does not give all the irreducible representations because the action of Z
on Z[1/N] is not regular (see Theorem 6.42 in [Fol]). One example of an irreducible
representation that does not come frm the Mackey construction is given next.

Example 3.6. Consider ys, to be the Haar measure on Sy. By the uniqueness
of the Haar measure, us, oS = us,. By a theorem of Rohlin-Halmos (see [Wal|),
S is ergodic with respect to the Haar measure if and only if the only character
A = k/NP satisfying a,,(A) = A for some n € Z \ {0} is the trivial one. But this is
clear because oy, (A) = N\
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This implies that the representation associated to the Haar measure as in Defi-
nition Bl is irreducible. We will see that this is actually a wavelet representation
associated to the filter mg = 1.

4. WAVELET REPRESENTATIONS AND RANDOM WALKS

In a recent paper [Jor04], Palle Jorgensen, extending some earlier work by
Richard Gundy [Gun00], has realized a connection between wavelet theory and
some probability measures associated to certain random walks. Here we recall the
definition of these measures and refer the reader to [Jor04] for the details. The
measures are perfectly adapted to our purpose, and we prove in Theorem (3] that
the wavelet representation associated to some filter mg can be realized on such a
measure.

Consider the N inverse branches of the map ¢ : © — Nz mod 1, on [0,1),
7 0 [0,1) — [%a %)a
x+k

N
Denote Q := {0,..., N — 1} with the product topology.
Consider a function W € L*°[0,1], W > 0, with the property that

() = (r€[0,1],k € {0,...,N —1}).

(4.1) i: W(rg(z))=1 (xz€][0,1)).
k=0

For example, if mo € L> (T) satisfies Rip,1 = 1, then W defined by W(z) =
|mo(e=2™) |2 /N will satisfy (&1]).
We can identify functions on [0, 1) with functions on T by
W(z) < W(e ™).

Also, we can identify functions f on T with functions on the Sy that depend only
on the first coordinate:

f((zn)nez) = f(20) ((2n)nez € Sn)-

It is proved in [Jor04], that for each x € [0,1) there exists a probability mea-
sure P, on  such that, if a function f on € depends only on a finite number of
coordinates, w1, ...,w,, then

(4.2) /Qfsz: > F@1s e wn)W (T, )W (T Togy ) W (T, T, ).

Wiy sWn

We can identify the space [0,1) x  with the solenoid Sy:
Proposition 4.1. The map ® :[0,1) x Q — Sy defined by

O(z,w) = (e‘gﬂx, e_%iﬁx, e_%iTﬂlx, ...76_2”iT”"'Tlx, ) (zel0,1),weN),
is a measurable bijection.

Note that under this identification, the shift takes the form
E k+1
O71SD : (z,w) > (0(2),ipwiws...), where i, =k if 2 € [N’ %),

and its inverse is
P1STID ¢ (2, w) = (1w, (), wows, ...).
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Define the measure m on Sy by
(4.3) /SN Fdm = /[0)1) /Q F(@(,w) AP, (W) dz (f € C(S)).

Proposition 4.2. m is a probability measure on Sy with the following properties:
(i) If f € L*(m) depends only on the first n coordinates zg, ..., 2n_1, then

IRE P>

f(wanl,wanz, el w)W(") (w)dz,
wN™ =2

where W) (z) = W ()W (V). W (zN""").
(i) m is the unique probability measure on Sy which satisfies the conditions

(4.4) | gam= [ s (e iy
SN T
and
(4.5) foS tdm = NWfdm (f € L*(m))
SN SN
(i.e., d(mo S)/dm = NW ).
(iii) For f € LY(m), and n > 0 (also for n < 0 when W does not vanish on a
set of positive measure),

(4.6) foS™dm= [ N"W®™fdm.
SN SN
(iv) If W(z) = Y pcp arz”, then

m(\) ::/S Xxdm:/jrlepW(p)dz (A=1/N? € Z[1/N])

(where x» is the character on Sy attached to \; see [BA)). Moreover
m(k) = o for k € Z and M satisfies the following scaling equation:
(4.7) m(A) =N api(NA+k) (X €Z[1/N)).
keZ
Proof. If f € L'(m) depends only on the first n coordinates, then f o ® depends
only on x and w1y, ...,wnp_1. Also,
fod(z,wy,...,wp_1) = f(wanl, ey W), with w = 2 Ty 1T (@)

So (i) follows from (@.2)).

Equation (#4)) is clear and, to prove ([@H), take f € C'(Sy) which depends only
on the first n coordinates. Then fo S~! depends only on the first n+ 1 coordinates
and

1
/ foS™tdm :/ Z foST o ®(w,wy, ey W)W (10, 2).. W (T, (T, ) d
SN 0

W1,.eyWn
1
:/ > fo®(rumwa, e wn)W (7, @) W (7, (1, 7)) da.
0 W1,yeeeyWn

If we denote

g@) = > Fod(m,w, e wn)W (1, 2) .. W (T, (i)

W2, Wn



THE BAUMSLAG SOLITAR GROUP 5281

and use the fact that (with a change of variable)

1 1
| S Witz de = [ NW(@)g(e) da.
0 ‘o 0

then we obtain

foS tdm

SN
:/O NW(x) > fo®(x,ws,...wn)W(1uy2).. W (7, ... (7)) dov

W2, ,Wn

= NW fdm.
SN

(iii) follows from (ii) by induction. All functions on Sy can be approximated
by functions of the form f o S™" with f € LY(T) and n > 0 (these are the func-
tions which depend only on the first n coordinates). If a measure m’ satisfies the
conditions of (ii), then

foS tdm

SN
1
:/0 NW(x) > fo®(z,ws,....wn)W(1uy2)..W (7, ... (7)) do

W2, ,Wn

= NW fdm.
SN

Thus the conditions of (ii) determine m uniquely.

For (iv), observe that x» 0 S? = xn»» for any A € Z[1/N] and any p € Z. Then,
using (iii),

m(l/NP) = [ NPW®y, dm:/le”Wp.
SN T

From (3], with f = xx, we obtain

m(A/N) = /TNZ akz’(fx)\ dm(zn)n>0 = NZ ay /TXM_k dm,

kEZ kEZ
which implies ([4.71). O

Theorem 4.3. Let mg € L (T) be non-singular (i.e., it does not vanish on a set
of positive measure) with Ry,,1 = 1. Let W := |mg|?/N and 6 = mq/|mo|. Let m
be the measure associated to W. Then the wavelet representation associated to my

and h =1 is the representation of the Baumslag Solitar group BS(1, N) associated
tom and 0, i.e., H = L?(m),

U =moéo S, n(f)€=f¢ (£€L*(m),fe L>(T)),
=1

The commutant of the representation is

{My|feL>®m),foS=fr-ae}.
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Proof. By Proposition E2(ii), we know that d(m o S)/dm = NW = |mg|?, and
since my is non-singular, we also have that m is absolutely continuous with respect
to m o S. Therefore we can use Proposition B.2] and we obtain the representation
of BS(1,N). With (@4)) we see that, by Borel functional calculus, T' generates a
representation 7 of L> (T), w(f) = f(T') = My for f € L> (T).

Note that
Nele) = /fdm /f

Up = m(mo)e.
Also
U"r(f)U"p = Mfos-np=fo ST,
and, because the functions that depend on only finitely many coordinates are dense

in L?(m), it follows that ¢ is cyclic for the representation, so it is a scaling vector.
The commutant is obtained from Proposition [3.31 O

Proposition 4.4. The map E from L'(m) to L'(T) defined by
) = [ fod(nw)dPiw) (f €L m).ae0.1)

is a well-defined conditional expectation (i.e., E*> = E, E(f) > 0if f >0, E(gf) =
E(f) if g € L*° (T) and f € L'(m)). Moreover,

[ rim= [Egas e o).

E maps L>®(m) into L (T) and || E(f)]lco < ||f|loo-

E maps L?(m) into L*(T), and the restriction of E to L?(m) coincides with the
projection onto the subspace of functions that depend only z (which can be identified
with L*(T)).

Proof. Everything can be checked by some straightforward computations. ([

Proposition 4.5. If 1,6 € L%(m), then their correlation function is he e, =
E(&6,).
Proof. For f € L* (T) we have

(mf (1) |62) = /S F6iE, dm = /T B(f6,E) dz = /T FE(6E) dz
O

Corollary 4.6. There is a one-to-one linear and monotone correspondence between
the following data:

(i) Operators S in the commutant of {U,T}.
(ii) Cocycles, i.e., functions f € L*°(m) such that foS = f.
(iii) Functions h € L (T) which are harmonic with respect to the Ruelle op-
erator, i.e., Ry h = h.
From (i) to (ii) the correspondence is given in Theorem [£3. From (ii) to (iii), the
correspondence is f — h = E(f). From (iii) to (i) the correspondence is given by
Theorem 3.18 in [Dut3].
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Proof. Everything follows from Theorem (.3 Proposition [£5 Theorem 3.18 in
[Dut3], and see also Theorem 2.7.1 in [Jor04]. O

Theorem 4.7. Let mog € L (T) be a non-singular filter with Ry,,1 = 1, and
let (H,U,7,p) be the wavelet representation associated to mg. Then there is a
standard measure space (A, M, 1), a measurable field {H,} of Hilbert spaces on A,
a measurable field {m,} of irreducible representations BS(1,N) and a unitary map

v:H— f@ Heo dp(a), such that

(i) Ur(2)¥! = [®r,(2), for z € BS(1,N);

(i) Un'WL is the algebra of diagonal operators on fea Ho du(a), © being the

commutant of the representation .

For almost every a € A there exists a unique ergodic, quasi-invariant probability
measure v, on Sy such that d(v, o S)/dv, = |mo|?, and if 0 = mg/|mo|, then m,
is equivalent to the representation m,, 9. Moreover, for f € C(Sn), if m is the
measure associated to mg as in Theorem [A3] then

/SN fdm =/A [ v duga)

Proof. Since the commutant of the representation, 7', is abelian (Theorem [£3]) the
first statements follow from the well-known direct integral decomposition theory
for locally compact groups (see Theorem 7.37 and 7.38 in [Foll).

Now we want to find v,. We prove first that for almost every x the vector
Pp(a) is cyclic for the restriction of the representation 7, to the subgroup Z[1/N].
Suppose not. Then we can find a subset E of positive measure such that, for a in
E

K, :=span{m,(A\)Pp(a) | A € Z[1/N]} # Ha,.
But then we can define a measurable section £ : A — fea H,o dp(a) such that
€(a) =0fora € A\ E, and, for a € E, £(a) has norm 1 and is orthogonal to K.
We have that € is orthogonal to

span{r(A)¥e | A € Z[1/N]},

which contradicts the fact that ¢ is cyclic for m(Z[1/N]) (see Theorem [£.3).

Since Uyp(a) is cyclic for the representation m,(Z[1/N]), by Proposition B.4] there
exists a quasi-invariant probability measure v/, and a map 6, such that 7, is equiv-
alent to ! 0, -

Since Up = Y, oy axT*¢ it follows that

o (U)Pp(a) = Zakﬂa(Tk)\Pgo(a) for almost every a € A.

keZ
Let f, :=d(v) 0 S)/dv!. Then we obtain, identifying H, with L?(v/), that
(4.8) O faPp(a)o S = Zakzk\lltp(a) =mo¥p(a), v,-a.e.

keZ
Since Wy(a) is cyclic for m,(Z[1/N]), which are multiplication operators, ¥y(a)
cannot be zero on a set of positive v/ -measure.
Now consider the measure dv, = a-|¥p(a)|?dv,, where C, = fSN |Wp(a)|? dy,.
The measures are mutually absolutely continuous. Also
d(vg08) d(yv,oS)d(v,oS)dv,

_ _ 2
(4.9) e AW oS dm dve [Tp(a)o S| fa

> = |mo|*.

o
(Ve (a)l
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A simple computation shows that v,(Sy) = 1. Since the representation 7, is
irreducible, by Proposition [3.2] S is ergodic w.r.t. v/, and since this is equivalent
to v,, S is ergodic w.r.t. v,.

Using (£.8), we obtain

Yp(a)oS  mo Wop(a)
“[Wep(a)o S| [mol [Tep(a)]’
hence 6, and 6 are cocycle equivalent, and therefore, by Proposition B3] the rep-
resentations m,; g, and 7, ¢ are equivalent.

To prove the uniqueness of the measure v,, take p, to be a measure with the
same properties. Since they generate equivalent representations, by Proposition B.3]
they must be mutually equivalent. Let n = dv,/dp,. Then

jmof2 = AeoS) _ dtaoS) dpaoS) doe _, g, 21
dv, d(pgoS) dp, dug n
Therefore n = no S, v, a.e. But v, is ergodic so n is constant, and, since both
measures are probability measures, n =1 a.e.

For the last equality, it is enough to take f to be x, for some A € Z[1/N],

because these are uniformly dense in C(Sy). Then

/ X dm = (r(\)p | ) = / (7a(\) Wip(a) | W (a)) dp(a)
SN A

:/A/SN xalPo(a)? dv), du( )z/A/SN X AV, dp(a).

Remark 4.8. Corollary shows that the projections in the commutant of the
representation correspond to sets which are invariant for the shift. Proposition
shows that irreducible representations correspond to ergodic measures. Therefore,
the direct integral decomposition of the representation into irreducible components
corresponds to the direct integral decomposition of the measure m into its ergodic
components (see e.g. [GS]). We can use Theorem 1.1 in [GS|] to obtain more
information about the measures v,:

O

(i) For every Borel subset B of Sy,

m(B) = [ va(B)du(a).
A
(ii) If a,a’ € A and a # o/, then the measures v, and v/, are mutually singular.

Proposition 4.9. With the notation of Theorem BT, a vector ¢’ € H is cyclic for
the representation iff Vy'(a) # 0 for almost all a € A.

Proof. A vector ¢’ is cyclic for the representation iff it is separating for the com-
mutant. Since the commutant consists of diagonal operators, W' is cyclic iff,
AaPp(a) = 0 for almost all a implies A\, = 0 for almost all a. But this is true iff
Uy'(a) # 0 for almost all a. O

5. EXAMPLES

In this section we analyze some examples in more detail. We are interested in the
measure m associated to mg and in the decomposition of the wavelet representation.
We also present some interesting consequences.
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5.1. Representations on L?(R)?. Let C be a cycle, C = {20, ..., zp—1}, i.e., 2I¥ =
29,2y = 23,..,2) 9 = Zp_1,%) | = 20, a periodic orbit for the map z — 2N, p

being the length of the orbit. Let |a| = ... = |ap—1| = 1. In [BDP] and [Dut2], we
constructed a representation of BS(1,N) on L? (R)” by
UF€) = o (. i+ Dmodp) (7 € L2 (B € € R € {0..0p 1))

Tf(gv ) = sz( - 157’) (f € L2 (R)p 7£ € sz € {07 D — 1})
We denote this representation by fRc . Since the representations ¢, are iso-
morphic for C' fixed and « variable (see [BDP]), we will work mostly with the case
when all a; = 1, and use the notation Re.
Taking the Fourier transform the representation becomes

Uf(.i) = VNf(Na,(i+1)modp) (f€L*R),E€R,i€{0,..p—1}),
TF(&,i) = ze 2 f(2,i) (feL?>R)P,E€Ric{0,...,.p—1}).
We will describe the direct integral decomposition of this representation.

Each = € R can be identified with an element in Sy by i(z) = (e~2N "), ;.
Also we can identify the cycle C with an element z¢ € Sy,

2C = (Z(fk) mod p)kEZ-

Then the product z¢ := zcg(:c) is an element of the group Sy, and, as in Example
B8l we can construct an irreducible representation . on I? (Z) by

Teo (U)f(k‘) = €(k - 1) (5 S l2 (Z) ’ ke Z)7
Moo (DEK) = 2(_rymodpe 2N "TE(K) (€ € 1 (Z),k € Z).
Let E = (—N?,1] U [1,NP).

Theorem 5.1. Let C' = {2, ..., zp—1} be a cycle. The representation R¢ is isomet-
rically isomorphic to the representation on L*(E,1%(Z)) given by the direct integral

I8 Moo
Proof. Define ¥ from L? (R)? to L?(E,I*(Z)) by
U(f)(x,m) = VN-—"f(N""z,(-m)modp) (f e L*R)",ze E,me7Z).
We claim that ¥ is an isomorphism with inverse
D) = ==t rm) (€ LB P@).§ € R € 0p— 1)),
where x € F and m € {0,...,p — 1} are uniquely determined by the equations

&= N""z and (—m)modp = i.
First, we check that ¥ is an isometry

Z/\ff, )2 de = ZZ/ FE, )12 de

i=0 tez, T NPHE
:ZZ/ |f (NP g, ) PNPIHE dy
=0 l€Z
= /|f —m) mod p)|?N~"™ dz.

MmEZL
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The fact that ¥~! has the given form follows from a one-line computation.
Next we want to see that ¥ intertwines the representations:

VOO (f)(2,m) = VN=(UC(f))(N "z, (—=m) mod p)
= VN- 0 () (N~ g, (—m + 1) mod p)
= f(z,m —1),
VIO (f)(x,m) = VN=(TC " (f))(N "z, (—=m) mod p)

= Z(—m) modp€727riN_mx v N_mlpil(f)(Nimxa (_m) mOdp)

_onxiN—™
= Z(—m) mod p€ 2l xf(x7 m)

O

Next, we will try to describe the measure m associated to a filter mg that gives
scaling vectors for R¢.
Recall the following theorem from [Dut2]:

Theorem 5.2. Supposemg =) ;4 apz® is a Lipschitz function with finitely many
zeros, with Ryl =1, and let C; = {2}, ~~~aZ;i>i71}; i € {1,...,n}, be the my-cycles
(assume there is at least one), ie., [mo(2})] = VN for all i,j. Denote by 0} the
argument of zj o4, (=20 = 21 ) and let o, = mo(Zkmod p;)/VN € T. Then

" > ai7m0 (%4‘9270
(5.1) gile) = [[ ==
=1 VN

defines an orthonormal scaling vector © = (@l ..., opi—1)i=1,n in @, L* (R)"* for
the representation @, Rey,a; with

(r e R,k €{0,...,p; — 1},i € {1,...,n})

Ugp = m(mo)ep,
(r®)* o)y =6, (k€ ).

The last equality can be rewritten as

(5.2) Zzim;(xmw,@)\?:l (z € [0,1]).

i=1 a€Z k=1

Note that for each = € [0,1], a € Z and k € {0,...,p; — 1}, a straightforward
calculation based on the fact that IV Gli = Hli 11 mod 1 shows that

m+a79;€ A

(5.3)  z(z,i,a,k) = (7N ) g = 57 (o0, )i(a + a — 6}) € S,
and ®1(2(x,4,a,k)) is of the form (z,w(z,i,a,k)).

Proposition 5.3. If mq satisfies the hypotheses of Theorem B2, with the previous
assumptions and notations, for all x € [0, 1], the measure P, is atomic, concentrated
on

{w(z,i,a,k)|a € Z,k €{0,...,p; —1},i € {1,...,n}},
Py(w(zx,i,a,k)) = |¢t(x +a—0.) (a €Z,kc{0,...,p; —1},i € {1,...,n}).

The measure m is supported on | J- %;01 S~*20i(R).
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Proof. To evaluate the measure of the set {w(x,i,a,k))}, we write it as an inter-
section of cylinders in © and, using (£.2)) and taking the limit, we obtain that

o0 > |my (”;,7"2‘ +9§H) 2
.4 P ) == 3 =
(5.4) > (w(z, i, a,k)) ll;[lW(z(:mz,a,k)l) H ~

=1

= [¢k(z +a—0p)
But, using ([5.2]), we obtain that

Zzipw(w(x,i,a,k)) =1,

1=1 a€Z k=1
and the rest follows. O

We can use the decomposition Theorem [E.1] to obtain an interesting ergodic
result for quadrature mirror filters.

Theorem 5.4. Let C' = {z,..., zp—1} be a cycle and denote by 8 the argument
of zymodp, i.e., e 20k = 2 q,. Let mg € L% (T) such that there exists some
(not necessarily orthogonal) scaling vector ¢ cyclic for the representation Re with
Uyp = m(mo)e.
Then for almost every x € (—NP 1] U[1, NP), there exists ky, € Z such that
ko1 ky

(5.5) > TI ol +6-0)P < o,

n=—oo k=n—1

- 1
(5.6) T < 0.
n:%;l [Tk, 1 Imo(Fe +0-1)I?

Conversely, if mg € L™ (T) satisfies (B.5) and (B8], then there exists a vector ¢
which is cyclic for the representation Re and satisfies
Uyp = m(mo)e.
Proof. Using the decomposition given in Theorem 5.1l we can move the representa-
tion to L?(E, 1% (Z)). We then have that ¢(z) € I? (Z) and
Usep(2) = mac (mo)p (),

for almost all z € E. This rewrites as

(5.7) p(x)(k — 1) =mo((zc)e)p(x)r (k€ Z).
Since ¢ is cyclic for the representation, ¢(x) # 0 for almost all x € E (see

Proposition [£9). So there must be some k, such that ¢(z)(k;) # 0. Iterating
1), we obtain that

o(x)(ks) H]Zin_l ‘mﬂ(z(—k) modpeizﬂiN_kw)P’ it n <k,
(5.8) ¢(z)(n) = (@) (ka) if n> k.

— iN—k
[TR—k, 11 1m0(2(—k) moape 2N ~""2)|27

Since p(x) € 1% (Z) for almost all x and ¢(z)(k,) # 0, (5.5) and (5.8) follow.
For the converse, define

o(x)(kz) = a,
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¢, being some non-zero constant that we will compute later. Define p(x)(k) by
ES) for k € Z. Equation (5.6) implies that there are no zeros in the denominators,
so p(x)(k) is well defined, it satisfies (B.71), and, using the hypothesis, ¢(x) in
12(Z) for almost all . Now take ¢, such that ||¢(z)||2 = 1. Then we get that
o€ L*(E,I1? (7).

Also, from (7)) it follows that Uy = 7(mg)ep.

The fact that ¢ is cyclic for the representation follows from Proposition O

Corollary 5.5. Let mg € L (T) and let M := ||molloc. Suppose the following
conditions are satisfied: the following limit exists for almost all x € (—N?,—1] U
[1,N?), and

. T
(5.9) Jim. |mo(m +0_) > 1.
There exists 1 > € > 0 such that

In M
(5.10) pl{z € Tl mo(2)P < e}) > T

(When € = 0 this means that mg is zero on a set of positive measure.)
Then there exists a scaling vector ¢ € L* (R)Y which is cyclic for the represen-
tation Re and satisfies the scaling equation

Up = m(mo)ep.

Proof. We use Theorem [5.4l Using the ratio test, (5.9) implies (5.0]).

Let

In M
Aci={z €T |jmo(2)]2 < e}, 6:= lnw
nM

Since the map z +— 2V

every z € T,

is ergodic, using Birkhoff’s theorem we have that, for almost

m—1
1 k
lim — N = u(AL).
i — ;0 xa. (27) = p(Ae)
Then, using (&.I0), there exists m, and some §’ > § such that, for m > m,
m—1
1 k
— Z xa, (V7)) > 6.
m
k=0
This can be rewritten as
ke.:=8{k<m-— 1|2Nk €A} >md.
Therefore we have
m—1 .
H |m0(ZN )|2 < Eke,sz_ke,z < 617145’]\4m(1—5’)
k=0
_ em(B’ lne+(1—5/)lnM).
Since ¢’ > 6 = InM/(In(M/¢)), it follows that v := ¢'lne+ (1 —¢")InM < 0.

Therefore
oo m—1

ST I Ime¥HP < Y e < .

m=m, k=0 m=mgy
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Take z = e 2m(@/N'+0-1) with 2 € R and I(= k;) € Z, and note that N =
e~ 2mi(@/N'"" +0-111) . we get that
© 2
‘mo ~ +0-k)m (Nk 0 i1)m (Nk 04 m)| < .
Neglecting the first few terms, and reversing the order in the products, (53 is
obtained and the corollary is proved. O

We remark that, if € = 0, the zero set has positive measure and the ergodicity
implies that almost every trajectory must go through the zero set. Therefore the
products appearing in (B.3]) are zero, so we are summing zero terms.

5.2. Representations on fractals. We saw in [DutJo] that, if one takes

1422

V2
then the representation associated to this filter (as in Theorem [[I]) can be con-
structed on a Hausdorff measure.

More precisely, consider R, the set of all real numbers that have a base 3 ex-
pansion containing only finitely many 1’s. On this set take the Hausdorff measure
H?® with s = logy 2—the Hausdorff dimension of the triadic Cantor set. Define the
unitary operators

N =3 and mg(z) =

Uf(x)z% (5) @eR.fel*®R ),

Tf(z)=f(z—1) (z€R,feL*(R,H),
and ¢ = xc, where C is the triadic Cantor set.
We will use the techniques developed in the previous sections to analyze in more
detail this representation, give it another form and then to define a possible Fourier

transform related to the Hausdorff measure H*.
For our my, the corresponding function W = |mg|?/3 is

therefore the coefficients are ag = %, Ay = a_9 = % and all others are 0.

We analyze the measure m on Sy constructed from W as in Theorem

Proposition 5.6. The measure m has the following Fourier coefficients:

{ 9~ (Idol+ldl+..+ldp])/2 4 N = S o 31“ with dy, € {—2,0,2},

(5.11) 7(A) = 0, otherwise.

Proof. Equation (7)) becomes in our case
1 1
(5.12) m(A) = 51%(3)\ —2) +m(3\) + 51%(3)\ +2) (AezZ[1/3).

We will use another lemma, which is also interesting in its own, because it tells
something about the geometry of the Cantor set.

Lemma 5.7.
m(A) =H((C+A)NC) (AeZ[1/3]).
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Proof of Lemma [l We saw in Theorem 3] that the representation associated to
mg can be realized on L?(m) with scaling function ¢’ = 1. In this representation,
the translation by A is given by multiplication by the character y; therefore we
have

m(A) = (T3¢ | ¢).
However, this representation is isomorphic to the one described above, the isomor-

phism mapping the scaling function ¢ = xc to ¢’ = 1. In this representation,
translation by A is simply the translation by A on R. Consequently,

m(A\) = (Taxe | xc) = H*((C+A) N C).

O

From Lemma [5.7 we deduce that, if |A| > 1, then m(A\) = 0. So, if |A\; — 2| > 2,
then at most one of them is in the interval (—1,1), so at most one of them is
non-zero. This implies that in the right side of (5.12]), at most one of the terms is
non-Zero.

Now take A = [/3™. We will proceed by induction on n. If n = 0, the result
follows from Proposition For n > 0, assume that m(A) is not zero. Us-
ing (BI2)) and the previous statement, we obtain that exactly one of the terms
m(3A — 2),m(3X), 7 (3\ + 2) is non-zero. Denote by a = 3\ — dp the one which is
not 0, with dg € {—2,0,2}. Then, analyzing the three cases, we see that

1

But « is of the form £'/3"~1, so we can use the induction hypothesis to conclude

that o has the form o = Y7_, d;/3'"1, so
P
d;
A= 5
1=0
and (B.I7)) is proved. O

The fact that we have two embodiments of the wavelet representation associated
to the filter mo(z) = H\}%Q, one on R with the Hausdorff measure H*, and the
other on Sy with the measure m, implies that there is an isomorphism between
them which can be interpreted as a Fourier transform on R, since it transforms

translations into multiplications.

Corollary 5.8. Consider on Sy the measure m that has Fourier coefficients given
in Proposition[5.6l. There is a unique isomorphism F3 from L*(R,H?®) to L*(Sy,m)
such that for f € L*>(Sn,m),
FsToFs ' f =xaf (A€Z[1/3),
FUF; ' f =mof oS,
.7:3)((; =1.
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5.3. mg = 1: Representations on the solenoid. We now take my = 1 which
obviously satisfies ,,,1 = 1, and we describe the wavelet representation associated
to it. The measure m associated to mg as in Proposition verifies the scaling
equations
m(k)=0r (ke€Z), m\) =m(NN).
Therefore
m(A) =dx (A € Z[1/N)).

But this means that m is the Haar measure us, on Sy. Hence, from Theorem 3]
and Example 3.6l we have the following result.

Proposition 5.9. Let H = L*(Sn, pisy), Tf(2n)n = 20f(2n)n, Uf = fo S (f €
H,(zn)n € Sn). Let ¢ be the constant function 1 on Sy. Then (H,U, T, p) is the
wavelet representation associated to mg = 1. The representation is irreducible.

With Corollary we have
Corollary 5.10. The only functions h € L> (T) that satisfy

% z_: b (%) —h(O) (0¢|-m )

k=0
are the constants.
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